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Abstract 

Two different types of N = 1 modified KdV equations are shown 
to possess N soliton solutions. The soliton solutions of these equations 
are obtained by casting the equations in the bilinear forms using the 
supersymmetric extension of the Hirota method. The distinguishing 
features of the soliton solutions of N = 1 mKdV and N = 1 mKdV B 
equations are discussed. 



^mail: sasanka@iitg.ernet.in 
2 email: debojit@iitg.ernet.in 



1. Introduction 



The study of supersymmetric integrable systems has assumed great impor- 
tance in recent years. This has been motivated by a number of factors, one 
of them being the possibility that a fundamental physical theory must be 
supersymmetric. In the context of integrable models, this has resulted in the 
supersymmetrization of a number of integrable equations and the extension 
of the methodologies involved in the study of integrable hierarchies to the 
supersymmetric framework. Investigations have also been made in recent 
times to obtain r functions for supersymmetric integrable hierarchies as they 
are essential in the context of integrability as well as in generating soliton 
solutions H], H, ||, f|. Integrability of a nonlinear differential equation implies 
the existence of nondissipating wave like solutions called solitons. Of the var- 
ious known methods to generate soliton solutions, the Hirota bilinear method 
is the most direct and elegant one ||. r functions play the central role in 
obtaining soliton solutions in the Hirota formalism. Another significance of 
the t function is its role as the effective action in quantum field theories. 

Extension of the bilinear formalism to supersymmetric systems has been 
a comparatively recent development. A number of supersymmetric systems 
in N = 1 superspace have been bilinearized |2|, |||] and their soliton solutions 
constructed via this technique. For N = 2 integrable systems, in a recent 
work, the N soliton solutions of the supersymmetric KdV of Inami and Kanno 
U have found through the super Hirota formalism ||]. However, several 
N — 1 equations still remain which have not been bilinearized to obtain N 
soliton solutions. N = 1 modified KdV and modified KP hierarchies are such 
important examples, related to the supersymmetric KdV and KP hierarchies. 

In this paper we consider N = 1 mKdV equation involving spin 1/2 
super field i[)(x, 9, t), 

d t ip + D 6 vjj - 3ipD 3 i/;D<ip - 3(Dip) 2 D 2 ip = (1.1) 
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and N = 1 mKdV B equation having spin 1 super field 9, t) 

d t ^ + D 6 ^ - 2D 2 ^ 3 = (1.2) 

and show that these equations can be bilinearised following the Hirota method 
and possess iV soliton solutions. In ( |1.1| , |1.2|) D denotes the superderivative 
defined by 



While the bilinear forms of the first system ( |1.1|) involve the super Hirota 



operator [0, it will be seen that the for the second system ( |1.2|) will involve 
only the bosonic or ordinary Hirota operator in its bilinear equations. But the 
importance of N — 1 mKdV B vis a vis N — 1 KdV B arises because of their 
connections with superstring theory from the point of view of matrix models 
[§]. The consequence of the presence or absence of the super Hirota operator 
in the bilinear forms of these two systems will be reflected in the soliton 
solutions of the equations in the role played by the fermionic parameters and 
it will also be shown that they possess distinctly different soliton solutions. 
These two equations, in fact, have different origins as the reductions of N = 2 
systems. 

The organization of the paper is as follows. In sections 1 and 2, the 
bilinearization of the N = 1 KdV and N = 1 mKdV B equations respectively 
will be demonstrated. Section 3 will be a discussion of the one soliton solution 
for both equations. In section 4, the existence of two and higher solitons will 
be shown. Section 5 is the concluding one. 

2. N = 1 mKdV equation 



The N — 1 mKdV equation ( |1 . 1| ) is related to the N — 1 KdV equation of 
Manin-Radul-Mathieu @, |K| 

d t (j) + D 6 (j) + 3D 2 ((j)D<f)) = (2.1) 
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through the super Miura transformation ]TT 

(f) = D 2 ip + if; Dip 



(2.2) 



Here the superfields ip and <p are both fermionic having spins 3/2 and 1/2 
respectively. The N = 1 mKdV also follows as an N = 1 reduction of the 
N = 2 mKdV system ||, which has the explicit form 



-D 



d t ip 2 = ~D 



D 5 ipi + 3^D 2 ^ 2 D^ 2 - ^{D^f - -D^DiPrf 



(2.3) 



(2.4) 



By imposing the constraint ip\ = —ip 2 = 4>, ( |2-3| , j2.4| ) immediately reduce to 
(|1.1|) . But we will see that (O) is not a direct reduction of iV = 2 mKdV. 
It has a different origin, rather follows from N = 2 KdV of the Inami Kanno 
type. 

In order to cast the N — 1 mKdV equation in the bilinear form the 
superfield ip is written in terms of r functions as 



ip = D log — 

In terms of the supersymmetric Hirota derivative S [0, defined by 



(2.5) 



SD n J.g = (D 6l - D d2 )(d Xl - d X2 rf(x 1 ,6 1 )g(x 2 ,e 2 )\ Xx = %2 = % (2.6) 

6\ = 6 2 = 6 

where D is ordinary (or bosonic) Hirota derivative, the N = 1 mKdV equa- 
tions can be cast in the following bilinear forms: 



(SD t + SD£)(Ti.n) = 
(SD t + SD3)(r 2 .r 2 ) = 

Dj|(Ti.T 2 ) = 



(2.7) 

(2.8) 
(2.9) 
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SD«(ri.r 2 ) = (2.10) 
In obtaining the bilinear equations above, use has been made of the identities 

DHo g (nr 2 ) + (Vlog^V = (2.11) 

V T 2 / TiT 2 



and 



-D log(rir 2 ) + £r log — Z) log - = (2.12) 

r 2 r 2 T 1 T 2 



The bilinear forms (|2.7| . |2.8| . [2~^ . p.l0|) involve supersymmetric operator S in 



addition to the bosonic Hirota derivative D. The consequence of the presence 
of S operator will be apparent in the higher soliton solutions through the 
nontrivial relations between bosonic and fermionic parameters. 

3. N = 1 mKdV B equation 

Just as the N = 1 mKdV equation (|1 . 1| ) is related to the N = 1 KdV 
equation of Manin-Radul-Mathieu through super Miura transformation (|2.2|) , 
the N — 1 mKdV B equation ( |1.2j ) is related to the N — 1 KdV B equation 
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<9 t $ + £> 6 $ + 6D 2 $D$ = (3.1) 
9) being a spin 3/2 superfield, through a Miura tranformation, 

L)$ = J D 2 ^-^ 2 (3.2) 



Note that the Miura transformation (|3.2|) is nonlocal. Interestingly, in the 



bosonic limit ( |1.2|) also reduces to the modified KdV equation and is invariant 
under the supersymmetric transformation 

5^ b = rjtyf ; = v d x ty b (3.3) 



As mentioned earlier, the equation fll.2j) directly results from N = 2 KdV 
equations 

d t U + D 6 U + 3D\(DU)V) - ^D 2 (U 3 ) = (3.4) 
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d t V + D 6 V - 3D 2 (V(DV)) - ^D 2 (VU 2 ) + 3D 2 {VD 2 U) = (3.5) 

where U and V are superfields of conformal spin 1 and 3/2 respectively. It 
is straightforward to show that in the limit V = reduces to the N = 1 
mKdV B equation by identifying U = *ff. Interestingly, in yet another limit, 
namely V = DU both the equations ( p.4| . |3.5| ) acquire the same form which 
is identical to the N = 1 mKdV B equation. 
With the substitution of 

^ = £> 2 log— (3.6) 

the N = 1 mKdV B can be cast in the bilinear equations 

(D x D f + D*)(Ti.7i) = (3.7) 

(DJD t + D^)(r 2 .r 2 ) = (3.8) 

(DjD(r a .75) = (3.9) 

The bilinearization for N — 1 mKdV B, however, is not unique. It possesses 
an alternate, but important set of bilinear forms 

(D t + D3)( Tl .r 2 ) = (3.10) 

Bl( Tl .T 2 ) = (3.11) 

The bilinear equations ( |3 . 7| , f3 . S| , |5T0D while directly follow as the reduction of 
the bilinear forms of the N — 1 mKP equation 

d t U + D 6 U - ^D 2 (U 3 ) + 12d 2 D- 2 U + 6D 2 Ud y D~ 2 U = (3.12) 

The equations ( p. 10| , pTTT] ) become useful to show its connection with bosonic 
mKdV equation. Both the equivalent bilinear equations of the N = 1 mKdV 
B equation do not involve the supersymmetric Hirota operator leading dif- 
ferent types of solitons solutions than those of N — 1 mKdV equation. 
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4. One Soliton Solutions 



The general structure of the r-functions for the one soliton solution both the 
N — 1 mKdV equations may be written as 

Tl = 1 + ae n (4.1) 

r 2 = 1 + /3e" (4.2) 
a; and /? in (|4.1|,|4.2|) are nonzero constants and 

7] = kx + ujt + (6 (4.3) 

where and are the bosonic parameters and ( is the Grassmann odd 
parameter. But the soliton solutions in their explicit forms will be quite 
different. 

Substituting (|4. 1]) and (|4.2|) back into the Hirota equations of the N = 1 
mKdV equation ( j2.9| ) and ( 2.1(J| ), we find the non-trivial solutions provided 

P = -a. (4.4) 

The dispersion relation, however, follows from ( |2.7| ) and (|2.8| ) as 

u + k 3 = (4.5) 

which is identical to the bosonic mKdV equation and it is found that the 
fermionic parameter does not play a role at the one soliton solution level. In 
obtaining the dispersion relation the following property of the super Hirota 
operator has been used. 

SD" (e^.e" 2 ) = (h - k 2 ) n [- (Ci - Ca) + (h - k 2 )] (4.6) 

The explicit form of the one soliton solution for the superfield ip may be 
found by substituting the r- functions in ( |2.5| ) and may be given as 



ip = Ccosech(0 + 70) — 6'A;cosech(0 + 70) (4.7) 
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where we have chosen <fi = kx — k 3 t and a = —(3 = e 70 , 70 being nonzero, real 
parameter. The bosonic component of ip in ( |4.7| ) becomes indentical with 
the bosonic mKdV solution as expected. 



For the N = 1 mKdV B equation Q1.2D , by substituting the r functions 



(^4.1| , |4.2|) in the corresponding bilinear equations, lead to identical constraint 
between the parameters ( |4.4|) as well as the dispersion relation ( [4.51) . But 
the differerence between the soliton solutions of these two systems becomes 
apparent when we consider the two and higher soliton solutions. 

The one soliton solution of AT = 1 mKdV B equation in its component 
fields immediately follows from ( p.6|) as 



= -kcosech((j) + 7 ) - #(/<)cosh(0 + 7 O )cosech 2 (0 + 70) (4.8) 

where, <fi = kx — k 3 t and a = —(3 = e 70 , 70 being nonzero, real parameter. 
Notice that the bosonic component in ( |4.8| ) becomes identical with that of 
( |4.7| ), as expected, since both the equations reduce to the mKdV equation in 
the bosonic limit. But the fermion components are quite different. 



5. N Soliton Solution 

Existence of one soliton solution, in fact, does not ensure the exact integra- 
bility of the system. For that purpose, establishing the existence of soliton 
solutions upto three solitons becomes essential. The general forms of the r 
functions for N soliton as before can be chosen to be same for the both the 
N — 1 mKdV equations. The n for the iV soliton may be written as 

(N N \ 

+ J2^(Vi + ^gai)\ (i<j) (5.1) 
i,j=i i=i J 

where e^ l, ^> and oii are the coefficients to be determined. For convenience, 
we introduce A$j = e^ 1 '^'. We may write the form of the other r function, 
namely r 2 by replacing ctj by and Aij by Bij. 
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In particular, for the two soliton solution r functions acquire the form 



and 



where 



and 



n = 1 + ai e m + a 2 e m + ai a 2 A 12 e m+m (5.2) 

r 2 = 1 + (3^ + foe 1 * + ^faB^e*** (5.3) 
77! = fcix + wit + &0 (5.4) 



?72 = k 2 x + uo 2 t + ( 2 # (5.5) 
In (|5.4jJ5.5| ) the parameters k\, k 2 , u\ and uj 2 are bosonic, while (i and ( 2 are 



fermionic ones, as before. 

For the N = 1 mKdV equation, the bilinear equations ( |2.9|) and ( p.lQ ) 
determine the following constraints on the parameters for nontrivial solution. 
The conditions that 

Pi = -cti (5.6) 

and the dispersion relations 

Ui + kf = (5.7) 

for i = 1,2 once again arise in the two soliton solution as in the case of 
one soliton. Moreover, these two bilinear equations yield the two soliton 
interaction terms A\ 2 and B\ 2 as 



(h - k 



\2 



A 12 = B 12 = 1 z ' (5.8) 

(fci + k 2 y 

In addition, ( |2.10| ) leads to a relation among the fermionic and bosonic pa- 
rameters, viz. 

hC 2 = hd (5.9) 

The condition ( |5.9| ) is necessary in order that ( |2.7| , f2.8| ) are consistently satis- 
fied. It will be seen that the constraint on the parameters (|5.9|) is also crucial 



8 



in demonstrating the existence of three soliton solutions for the N = 1 mKdV 
equation. 

For the N = 1 mKdV B equation the bilinear equations fl3.7|J3.8|]3"l^ ) 



ensure the nontrivial two soliton solutions invoking the set of identical results 
as in N = 1 mKdV equation but for the last condition ( |5.9|) . In particular, 
the conditions on the parameter ai and $ (|5.7|) , the dispersion relations 
( |5.7|) and the interaction terms A\ 2 and B\ 2 (|5.8|) become identical in both 
the cases. However, in contrast to the N — 1 mKdV, the relation among 
the fermionic and bosonic parameters does not arise for the N = 1 mKdV 
B equation. This fact is reflected in the structure of the bilinear equations, 
which are expressed only in terms of the bosonic Hirota operator D and will 
be observed for all higher soliton solutions also. 

The explicit forms of T\ and r 2 for the three soliton solution following 
(|5.1|) may be given as 

7i = 1 + a ie m + a 2 e m + a 3 e m + ai a 2 A 12 e m+m + a x a 3 A 13 e m+m 
+a 2 a 3 A 23 e^ +7 * + ai a 2 a 3 A l2 A l3 A 23 e^ + ^ (5.10) 

and 

r 2 = 1 + (3^ + (3 2 e^ + p 3 e^ + ^ 2 B l2 e^ + ^ 3 B X3 e^ 
+^B 23 e^ + Pif3 2 f3 3 B 12 B 13 B 23 e^ + ^ (5.11) 

where 

rji = k ix x + + Qd (2 = 1,2,3) (5.12) 
Notice that ( |5.1Q , |5TTT1) do not contain any new unknown parameter; it is 



expressed in terms of the parameters of the two soliton solutions only. Three 
soliton solutions thus verifies the consistency of the parameters determined 
by one and two soliton solutions. Substitution of the three soliton solutions 
in the bilinear equations gives rise to a set of nontrivial relations among the 
parameters, which determine the consistency of the solutions. In the three 
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soliton solution we find the conditions /?, = — «j and the dispersion relations 
Mi + kf = (i = 1, 2, 3) for all the three solitons for both the N — 1 mKdV 
and the N = 1 mKdV B equations. The interaction terms for both the 
equations become 

Mi = By = | ~ ^ (t,j = 1,2,3; z^j) (5.13) 

The N — 1 mKdV equation however admits additional constraint as in the 
two soliton solution on the fermionic parameters: 

kiC^kjd (i,j = 1,2,3; z^j) (5.14) 

which are not found for the N = 1 mKdV B equation. The constraints ( |5.14| ) 
are essential to ensure the coefficients of the terms e m+m , e Vl+m , e V2+V3 , 
e 2 Vl +m+V3^ e m+-im+m anc i e m+va+*b to vanish. Apart from determing the 
unknown parameters, three soliton solutions provide a nontrivial relation 
among the parameters. This identity follows from the coefficient of the term 
e vi+v2+vs to be zero and is given by 

^i2^i3^2 3 [(^i + ^2 + + (h + k 2 + A; 3 ) 3 ][-(Ci + C2 + Cs) + 6(h + k 2 + k 3 )\ 
+A 2 z[(uj 1 -u 2 - u 3 ) + (h -k 2 - A; 3 ) 3 ][-(Ci - C2 - Cs) + 0{h -k 2 - k 3 )\ 
+A 13 {(lu 2 -u x - u a ) + {k 2 -h- A; 3 ) 3 ][-(C 2 - Ci - Cs) + 0(k 2 -k x - k 3 )} 

+A 12 [(cu 3 -u x - uj 2 ) + (k 3 -k x - k 2 ) 3 ][-(C 3 - Ci - C2) + 0(k 3 -h- k 2 )} = 

(5.15) 

and interestingly is satisfied by using the dispersion relations and the param- 
eters in ( |5.14j ). In fact, (|5.15|) makes the three soliton solution nontrivial. 

Existence of N soliton solutions may be shown following the same proce- 
dure as the three soliton solutions for both the systems. Apart from verifying 
the unknown parameters, determined by one and two soliton solutions, N 
soliton solutions provide a set of identities to be satisfied involving the pa- 
rameters of one and two soliton solutions. However, for odd N is found that 
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terms of even degree become trivial as in the three soliton solution case. By 
the degree of a term we mean the total number of r\i present in the exponent 
of a term. The most nontrivial identity for odd N follows from the coeffi- 
cient of the term involving all the rji appearing once only. For even soliton 
solutions, on the other hand, the terms of odd degree become trivial. 

6. Conclusion 

Two important dynamical systems, N — 1 mKdV and N — 1 mKdV B have 
been shown to possess soliton solutions. The soliton solutions of these sys- 
tems have been obtained following the super extension of the Hirota bilinear 
formalism. It is found that the bilinear forms of N — 1 mKdV system in- 
volve super Hirota derivative, whereas the bilinear forms of N = 1 mKdV 
B system can be expressed in the terms of bosonic Hirota derivative only. 
This difference of the two systems of motion is also reflected in their soliton 
solutions from two soliton solutions onwards. While the former equation of 
motion gives rise to a set of conditions on the fermionic parameters for the 
nontrivial solutions to exist, the latter does not. The fermion components 
of the soliton solutions for these two systems become quite different. The 
bosonic components, however, become identical for both the cases. This is 
in conformation with the fact that both the systems reduce the same mKdV 
equation in the bosonic limit, although they have different N = 1 supersym- 
metric versions. These two equations also follow from two separate N = 2 
dynamical systems as an N = 1 reduction. 

SG would like to thank DST, Govt, of India for financial support under 
the project no. 100/ (IFD) / 2066/ 2000-2002. 
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